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Centralconfigurationsof four gravitationalmasseswith
anaxisof symmetry(Abstract)
DanielLazard
This talk describesacommonwork with J.-C.Faug̀ere.
A centralconfigurationof   massesundergravitationalpotentialis aconfigurationsuchall ac-
celerationsareorientedtowardthecenterof massesandproportionalto thedistanceto thiscenter.
It followsthattheplanecentralconfigurationsarethosethatremainhomotheticto themselves,with
convenientinitial velocities. For threemasses,theseconfigurationsarewell known asLagrange
positions.
A well known conjectureis that the numberof centralconfigurationsof   bodiesis always
finite whenthemassesarefixed.
In this talk,wedescribethenumberof centralconfigurationsof four massesin theplane,which
haveanaxisof symmetrysuchsymmetricmassesareequal.In thecasewherenoneof themasses
areontheaxis(trapezeconfiguration),it is rathereasyto show thatfor any valueof thetwo masses,
thereis exactly onecentralconfiguration.
In thecaseof two masseson theaxisandtwo symmetricmassesnormalizedto 1 (this is the
only othercaseif thebodiesarenot aligned),somereductionsallow to modeltheproblemby the
systemof equations 	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where  and   aretheremainingmasses,the lower caseothervariablesaresquaresof distances
andtheuppercasevariablesarethecubesof theinversesof thesamedistances.Thusall variables
shouldbepositive. Thissystemseemsrathersimple;however it is not having a Bezoutnumberof
1000and102complex solutionsfor  and   fixed.
The numberof centralconfigurationsis 1, 3 or 5 dependingon the valuesof the masses
and   . This numberis determinedby thepositionof thepoint
      relatively to a planecurve
in thespaceof themasses.Theimplicit equationof this curve hasdegree424,morethan50,000
monomialsandintegercoefficientsof more200decimaldigits.
For proving this result,we havedesigneda generalalgorithmfor discussingzero-dimensional
problemsdependingon few parameters.In this particularcase,it needsalgorithmsfor Gröbner
basiscomputation,for elimination, for drawing planecurves, for the certificationof a drawing
(proving thatnobranchis omitted)andfor fastrealsolvingzero-dimensionalsystemsof equations.
Thesizeof thecurve which is a partof thesolutionshows that this problemis nearfrom the
limit of thepresenttechnology, andwe guessthat theonly softwarewhich is presentlyableto do
suchacomputationis thelastversionof FGb/RealSolving,which is developedin our team.
